We modify a two-dimensional variant of a two-state non-linear voter model and apply it to understand how new ideas, products or behaviors spread throughout the society in time. In particular, we want to find answers to two important questions in the field of diffusion of innovation: Why does the diffusion of innovation take sometimes so long? and Why does it fail so often? Because these kind of questions cannot be answered within classical aggregate diffusion models, like the Bass model, we use an agent-based modeling approach.
Introduction
Modeling how a new product enters the market, also known as diffusion of innovation, has attracted academic interest since the 1960s [43, 29] . One of the most popular models in the field is the one developed by Bass [1] . It is a 3-parameter analytical model based on a deterministic differential equation and describes how the number of consumers having adopted to a new product (i.e., an innovation) changes in time. Although a number of other models have been proposed since 1969, the Bass model is still, in a sense, the reference model to compare with [29, 42] . While the Bass model fits many historical datasets well and is excellent at explaining what has happened, it also has several limitations, most importantly, the poor predictive power, especially early in the life cycle [30] . In fact, this is not a weakness restricted to the Bass model. All traditional analytical models are not behaviorally based, and do not reproduce the complexity of real-world diffusion patterns. Therefore, in the last decade there has been growing interest in applying the so called agent-based models (ABM) in the social sciences [17, 24, 46, 49, 57] , particularly to understand a new product growth [18] [19] [20] [21] [22] [23] 42] .
A number of innovation diffusion models represent adoption behavior by means of a single dichotomous variable that represents an agent's state, i.e., agents are either in a 'potential adopter' (i.e., −1 or ↓, 'against', 'customers of the old product') or an 'adopter' state (i.e., +1 or ↑, 'in favor of', 'customers of the innovative product') [18-20, 29, 41] . Binary variables are also widespread in opinion dynamics models, for instance, in the voter model [33, 36] , the majority model [8, 9, 32] , the Sznajd model [52] or the general sequential probabilistic model [13] . Although using binary variables to describe human attitudes, opinions or behaviors is a considerable simplification, Watts and Dodds [57] argue that it can be applied to a surprisingly wide range of real world situations, including diffusion of innovation phenomena.
Interestingly, the idea of binary states can be easily linked with the seminal model of racial segregation developed by Schelling [45] in the late 1960s or even with the famous Lenz-Ising model of ferromagnetism [40] proposed already in the 1920s. Therefore, in models originating in statistical physics such dichotomous variables are called spins, as a reference to the magnetic properties of a system. However, from the social point of view the object of interest is a person that has one of two possible opinions, attitudes, etc. To avoid such absurd terms as 'person up' or 'person down', following [41] we call these agents spinsons. A spinson should be understood as a type of an agent that is characterized by only one binary trait and is a combination of an arrow (i.e., a spin) and a person, see In this paper we modify a two-dimensional variant [56] of a two-state non-linear voter model and apply it to understand how new ideas, products or behaviors spread throughout the society in time. One of the best-established stylized facts in the field of diffusion of innovation is the S-shaped curve representing the time change of the number of consumers having adopted to a new product [29] . This means that any new model should be able reproduce this feature. Hence, we first investigate the number of adopters in time and replicate this stylized fact within our model. Then we proceed to study how factors like level of conformity or independence in the society influence the S-shaped curve, and consequently impact the success or failure of a new product adoption.
The main novelty of our model compared to the one used in [56] is the introduction of 'noise'. Previously we have considered only one type of social response -conformity. Therefore as a steady state one of two absorbing states was always reached: all spinsons up or all spinsons down. This was not very realistic from the social point of view. A second type of social behavior -independence -was introduced in [53] . With probability p an agent is acting independently of the social pressure, which introduces 'noise' to the system. The independent behavior is characterized by a spinson's flexibility -the higher the flexibility the more frequent are the changes of the spinson's state (or opinion). As a result of introducing in- 
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THE MODEL CONGRUENCE
Majority (4) Zero-temperature Ising ferromagnet (5) Voter (3) Sznajd (2) q-voter (1) CONFORMITY Global (D) (advertising, mass media) Strong leader (B) Local (A)
EXTERNAL FIELD

Event (C)
Anticonformity (a) (deviance, contrarians)
Inflexibles (c) (f=0)
NON-CONFORMITY Fig. 1 . Different types of social influence introduced in the literature for spinson models. Some models consist of several types and others of only the one type of social influence, see Table 1 for examples. Note that congruence is not an input, but an outcome of the model dynamics.
dependence, the system never reaches an absorbing steady state. In the stationary state there is always a certain fraction -dependent on p -of agents of the opposite sign than the majority. In this study, we use both the external field (representing advertising; introduced in [56] ) and independence (proposed in [53] ), see Figure 1 . The paper is structured as follows. In Section 2 we introduce the model and the Monte Carlo simulation scheme. We also discuss the position of our model in the realm of spinson-type models of social influence. In Section 3 we report on the Monte Carlo results obtained for a square lattice. In the following Section we consider our model on a complete graph and provide analytical results for the system dynamics and numerical results for the stationary values of various model characteristics. Note that these results can be treated as 'mean field' approximations for a regular lattice. In Section 5 we show that flexibility is a redundant parameter of the model and can be represented as a function of independence. Finally in Section 6 we wrap up the results and comment on possible applications of the model. Table 1 . Examples of spinson models with different types of social influence, as shown in Figure 1 . For more examples we refer to the review paper [7] and the very recent book on sociophysics [16] . 2. The model
Conformity
Social interactions
We consider a set of N spinsons, i.e., agents which are described by a single binary variable: S i = −1 (not adopted to the innovation) S i = +1 (adopted to the innovation), i = 1, ..., N . At each elementary time step dt = 1/N , a group of four spinsons is chosen randomly and influences one of its neighbors. In general many different types of social influence are possible, as shown in Figure 1 , but in this paper we take into account three of them:
• Conformity based on a unanimous opinion, as originally introduced by Sznajd-Weron and Sznajd [52] for a chain and later generalized to a two dimensional square lattice [51] and a complete graph [47] . In the sociophysics literature this type of influence became known as the Sznajd model or Sznajd outflow dynamics [44, 50] . In Figure 1 it is classified as conformity of type (2); for a square lattice it is illustrated in Figure 2 .
• Independence which is a particular type of non-conformity. In this paper it should be interpreted as 'resistance to influence', like in [53] where it was originally introduced. In Figure 1 it is classified as non-conformity of type (c) or (d); for a square lattice it is illustrated in Figure 3 .
• Advertising or mass media modeled by the global external field as in [56] .
In Figure 1 it is classified as an external field of type (D); for a square lattice this type of influence is presented in Figure 4 .
It should be stressed that although in this paper we consider only one type of nonconformity (i.e. independence), the second type (i.e. anticonformity; see Fig.  1 ) could easily be taken into account. We do not introduce it here for at least two reasons. Firstly, as we have shown in [41] for this type of models, at the macroscopic 
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Diffusion of innovation within an agent-based model 5 level anticonformity will yield qualitatively analogous results to nonconformity, i.e. it will introduce disorder to the system. A similar effect of disorder was obtained by Galam [11] , who introduced contrarians to his majority model. Secondly, it is good practice to start with a simple model and expand it at a later stage. Taking into consideration anticonformity involves introducing another parameter, which makes the model more complicated and difficult to analyze comprehensively.
Furthermore, we do not treat information in mass media as a feedback created by public opinion (like in [24, 46] ) but rather as advertising. Thinking of global information as the most popular opinion in a real-world society, as introduced by Shibanai et al. [46] in a generalized version of the Axellrod model, is an interesting idea but only partially suitable to model diffusion of innovation. Companies createrather than present -reality to convince consumers to choose their product. On the other hand, surveys and news report (or at least try to report) the 'real' consumer preferences. Therefore, probably both types of external influence should be taken into account to fully describe reality. In this paper we focus only on advertising (as a pressure induced on consumers), but combining both would be an interesting challenge for the future work.
Grid topology
We investigate our model on two types of grid topology:
• A square lattice, where a 2×2 panel of four spinsons is chosen randomly and influences its surroundings, as proposed by Stauffer et al. [51] . Note that in this paper we use a variant introduced in [53] , where in one elementary time step dt = 1/N only one of the eight neighboring spinsons may change its direction, see Figs. 2-4.
• A complete graph, where four agents are chosen at random and they influence a fifth randomly chosen spinson, as in [53] . Note that this corresponds to the mean field approach for the square lattice and allows for analytical calculations of the system dynamics.
Certainly, using a more complicated topology -like the small-world or a scalefree network -would be more appropriate to describe social groups. On the other hand, in spite of current interest in complex networks, it is still not entirely clear what is the structure of real world influence networks [57] . Moreover, Watts and Dodds [57] show that the structure of the network impacts the macroscopic outcome to a much lesser extent than the type of interactions between agents. Therefore, to really understand the model itself, it seems reasonable to start with a simple structure. A similar approach was taken by Goldenberg et al. who first studied their model on a square lattice [18] and then investigated the same model on various complex networks [19] . (1 ) Fig. 3 . Independence in the two dimensional Sznajd model: with probability p a randomly chosen spinson (the one in the gray cell; center ) flips S k (t + dt) = −S k (t) with probability f (right) or remains unchanged S k (t + dt) = S k (t) with probability 1 − f (left), independently of the state (or opinion) of the 2 × 2 panel.
(1 ) Fig. 4 . Advertising in the two dimensional Sznajd model: with probability (1 − p) a randomly chosen spinson (the one in the gray cell; center ) is responsive to advertising if the 2 × 2 panel is not unanimous. With probability h the spinson adopts to (i.e., buys) the advertised product (right) and with probability (1 − h) it remains unchanged (left).
Simulation procedure
Because in this paper we study the diffusion of innovation, at the initial stage all spinsons are down (i.e., −1, ↓, customers of the old product). 
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and the number of adopted N ↑ (t) changes in time due to social influence as discussed above.
We use a random sequential updating scheme. The time t is measured in Monte Carlo steps (MCS), which consist of N elementary time steps dt = 1/N . Each of the elementary time steps is composed of five simulation substeps:
Substep #1: Randomly choose one spinson S i , which may change its orientation in this time step. Substep #2: Check if spinson S i will act independently (with probability p) or not (with probability 1 − p). To do this, randomly draw a uniformly distributed number r ∼ U [0, 1]. If r < p then the spinson acts independently (see also Fig. 3 ) and goto #3, if r ≥ p then goto #4. Substep #3: With probability f the chosen spinson changes into the opposite state. To check this, randomly draw a uniformly distributed number r ∼
Increase time t → t + dt and goto #1. Substep #4: Randomly choose a 2 × 2 panel of spinsons that will influence S i . If the panel is unanimous (i.e., all four spinsons have the same value) than S i will take the opinion of a group (for a square lattice this is illustrated in Fig. 2 ), increase time t → t + dt and goto #1. If the panel is not unanimous than goto #5. Substep #5: With probability h the chosen spinson S i is responsive to adversing (see Fig. 4 ). To do this, randomly draw a uniformly distributed number r ∼ U [0, 1]. If r < h then S i (t + dt) = 1, increase time t → t + dt and goto #1.
Similarities and differences to other diffusion of innovation models
Before going to the results we would like to draw attention to several issues associated with the construction of the model:
• Our model is similar to many diffusion of innovation models [1, [18] [19] [20] [21] [22] 43] in the sense that the decisions of consumers are driven by internal (social interactions) and external (advertisement, mass media) influence.
• In contrast other studies, in our model the changes are reversible which means that spinsons can unadopt. A similar idea of rejection has been introduced by Goldenberg et al. [21] . They use four states to describe a consumer: 0 for unadopted, 1 for adopted and satisfied, −1 for adopted and dissatisfied, and 2 for a 'rejecter'. From this point of view, a down-spinson (↓) in our model can be interpreted as a consumer who has not adopted (which corresponds to state 0) or such who adopted but for various reasons has switched back to the old product/service (which corresponds to state 2). Note, however, that in [21] a rejecter (state 2) is an absorbing state, i.e. cannot change, whereas in our model all changes are potentially reversible.
• In our model the social interactions are assumed to be in some sense more important than the external factors. As discussed in Section 2.3, we first check whether a chosen spinson is influenced by the group and only an uninfluenced spinson is responsive to advertising. This model feature is consistent with the observation that friends have a much greater impact on decision changes than mass media [20, 46] .
• At first glance, our model may resemble threshold models, in which an individual's threshold is defined as the proportion of the group needed to engage in a particular behavior [22, 25, 57] . From this perspective our model is a threshold model with the threshold equal to 1 (i.e. 100 %). However, it can easily be modified to a more general model with an arbitrary threshold [41] . A crucial difference lies in the fact that in our model always a group of four (or in a more general case -a group of q [41] ) influences the spinson, while in other threshold models all neighbors influence the considered agent. This means that in our model a different group can potentially have impact on the spinson in each time step. Certainly the assumption that the group always consists of the same number of members is a simplification. On the other hand, as noticed by Galam [12] , people usually discuss in small groups even if they have many friends. To randomly draw the size of the group from a certain distribution, as done by Galam, could be the next step but we leave it for future work.
3. Results on a square lattice
Sample trajectories
We start by presenting sample trajectories that show the time evolution of the ratio (the concentration) of the adopted individuals defined by eq. (1). In Figure 5 we plot two sample trajectories obtained from our model (left panel ) and the historically observed percentages of household penetration for three successful innovations in the consumer-electronics market in the U.S.: television, color television and videocassette recorder (right panel ). Apparently in both panels the time change of the number of consumers having adopted to a new product is described by an S-shaped curve, in agreement with one of the best-established stylized facts in the field of diffusion of innovation [29] . As we have already mentioned, the S-shaped curve can be also obtained within the classical Bass model [1] . However, the Bass model, as well as other traditional aggregate models, does not reproduce the complexity of real-world diffusion patterns. For instance, it is known that in reality many innovations fail on the way from the laboratory to the market, which is often described by the 'valley of death' metaphor [58] , or collapse of initially successful diffusions. These kind of phenomena cannot be explained by aggregate diffusion models.
The two sample trajectories plotted in the left panel of Fig. 5 were obtained for a 100 × 100 square lattice, the same initial state c 0 = 0 and the same set of model parameters (independence p = 0.1, flexibility f = 0.1 and advertising h = 0.09; these particular parameters were not chosen accidentally and we will return to this issue in a moment). Although in both cases innovation penetrates the market, the time needed for the 'take-off' is very different for the two trajectories. In the case of the solid-line trajectory about 500 MCS were enough for the 'take-off', whereas for the dashed-line trajectory this time was about four times longer. This brings us to one of the most frequently asked questions in this research area: Why does the diffusion of innovation take sometimes so long? Diffusion of innovation is definitely a very complex phenomenon and we certainly will not be able to fully answer this question here. However, we can at least try to understand the phenomenon within our relatively simple model.
For this purpose, it is instructive to look at the configurations of our artificial society in subsequent moments of time. Of course, each simulation will yield a unique time series of configurations. In the left panel of Figure 5 we have plotted the evolution of a macroscopic quantity, i.e., the concentration c of adopted individuals. However, one should remember that the same value of concentration c can correspond to very different spacial configurations of spinsons. In Figure 6 we present sample snapshots taken from a single time evolution of the system, described by the same set of parameters (p, f, h) as in gray) except for a small number of 'up' fluctuations (dark green). However, if we look at the configuration at t = 570 MCS we already see two small clusters, which are seeds from which the innovation can start spreading like a virus. In the subsequent moments of time more small clusters appear and they start to grow. It seems that -at least for this particular set of parameters (p = 0.1, f = 0.1, h = 0.09) -the 'take-off' starts with forming a small cluster. Then the cluster grows and eventually the innovation spreads throughout the system. This means that the socalled 'word-of-mouth' phenomena are crucial in this case -the innovation spreads through direct interactions between spinsons, i.e., through social influence. A similar effect, related to the formation of clusters, has been observed by Goldenberg et al. [20] within their stochastic cellular automata (CA) model. A successful diffusion of innovation starts with small kernels of adopters that have grown to form clusters, and later on clusters start to merge. Because in their model the transition between unadopted and adopted is irreversible, it is impossible for a cluster to disappear. However, in our model all transitions are reversible, i.e. an adopted spinson can unadopt, and consequently a cluster of adopters can disappear. This phenomenon can be related to the so-called 'valley of death' [58] . As already stressed, all results presented so far concern one particular set of parameters. It is time to examine how the results depend on the choice of these parameters. 
Parameters and the evolution of the system
First, let us analyze the time evolution of the average value of concentration of spinsons 'up' (↑-spinsons). As a measure of the central tendency physicists usually use the sample mean (i.e., the estimate of mean value):
where M is the number of trajectories and c i (t) is the concentration of ↑-spinsons at time t for the i-th trajectory. This measure, although consistent with the ideas of statistical physics, can be misleading in the case of a skewed distribution. For this reason we have decided to use two measures of the central tendency (or 'average behavior') -the mean valuec(t) of concentrations c i (t), see formula (2) and the left panel in Fig. 7 , and the medianc(t) of concentrations c i (t) for the M trajectories, see the right panel in Fig. 7 .
As expected the innovation spreads in the market faster in case of more intensive advertising, i.e., larger h. For very small values of h the innovation fails. Interestingly, the two measures of the central tendency -c andc -yield qualitatively different pictures. Recalling Figure 5 it seems that the mean value is somehow misleading. Looking at the left panel in Fig. 7 one might get the impression that for any advertising level h, above a certain threshold value, the concentration of adopted customers grows monotonically from the starting value, only the speed of growth is h-dependent. However, looking at the single trajectories plotted in Fig.  5 , it is clear that the time evolution is completely different. For a long time the innovation may not enter the market and then suddenly and rapidly may spread like a virus. This dramatic behavior is described properly on the 'average' or macro level by the medianc. Differences between the mean and the median concentration can be better seen in Fig. 8 . For h = 0.095 not only the growth of the average value of c is faster than for h = 0.09, but also is less the volatile -for h = 0.09 the distance between the corresponding lower and upper quantile lines is much wider. This means that in case of h = 0.09 the time needed for the 'take-off' can vary significantly from trajectory to trajectory, as has been already shown in Fig. 5 . For larger and smaller values of the advertising level h the volatility is lower. Moreover, if we measure the mean value of concentrationc τ after some evolution time τ , it occurs that the advertising level corresponding to the highest volatility is very close to the threshold value h * below which the innovation fails and above which it penetrates the market (note the value of h for whichc τ becomes close to one in the left panel of Fig. 9 ). The threshold value, in turn, depends on independence: h * = h * (p), see the right panel in Fig. 9 .
The existence of an investment threshold in the diffusion of innovation has been also found within the majority model. Galam et al. [5, 13] were able to calculate the critical value of the initial density of adopted above which the innovation penetrates the market and below which it fails. However, the initial stage of the diffusion of innovation, i.e. the process starting from no adopted, cannot be described by their model. The 'zero density of adopted' is an absorbing state of the model and no evolution is possible from this state. Therefore, Galam's model should be treated as a model which shows that there is a need of initial investment and suggests that the amount of this investment should be equal to a certain threshold value -reaching a level below the threshold or passing the threshold is just a waste of money [13] . 
Results for a complete graph
Recall from eq. (1) that N ↑ (t) represents the number of spinsons 'up' (↑-spinsons) at time t. Similarly, denote by N ↓ (t) the number of spinsons 'down' (↓-spinsons) at time t. The concentration of innovators (i.e., ↑-spinsons) is given by:
where N is the number of spinsons in the system. The evolution of the system is described by the following equation:
where the first two terms on the right hand side of the above equation correspond to changes caused by independence (see Fig. 3 ), the third and the fourth term correspond to conformity (see Fig. 2 ) and the last one describes advertising (see Fig. 4 ). The above equation can be used to find the time evolution of c t (see the left panel in Fig. 10 ) and the asymptotic behavior c ∞ = c ∞ (p, h) that corresponds to fixed points c t+1 − c t = 0 (see the right panel in Fig. 10 ).
As can be seen in Figure 10 , there is a discontinuous phase transition caused by the change of the level of advertising h. For h < h * (p) the innovation cannot penetrate the market and for h > h * (p) almost all consumers are adopted. value obtained in the previous Section for Monte Carlo simulations on a square lattice. A different observation was made in a similar context in [18] . Goldenberg et al. proposed a stochastic cellular automata model in which the probability of an individual's adoption was taken from the Bass model [1] . They simulated their model on a square lattice and compared with the (macroscopic) Bass model, which could be also treated as a mean field approximation of their cellular automata model. Results from both models were almost identical, even after the introduction of heterogeneity to their macroscopic model. The importance of the topology in models of diffusion of innovation is an open question. For instance, Watts and Dodds [57] show that the structure of the network influences the macroscopic outcome to a much lesser extent than the type of interactions between consumers.
Although the are three parameters in our model -p, f and h -up till now we have considered only two of them (independence p and advertisement h). Flexibility f was kept constant. This was not an inattention -it simply turns out that flexibility scales with independence and therefore is redundant (i.e., only two parameters are independent, see Section 5). Consequently, also the asymptotic behavior of the system depends only on two parameters: p and h. In Figure 11 we present a full phase diagram obtained using eq. 4. For small values of h and p the ratio of adopted spinsons is nearly zero (dark gray area), which means that the innovation failed. Above the transition line (white region) almost the whole population is adopted to the innovation (due to advertising). Finally, the light gray region in Fig.11 corresponds to a very high level of independence p. In this region both ordering forcesconformity and advertising -do not influence the system too much and the noise, introduced by independence, dominates. (4). For small values of h and p the ratio of adopted is nearly zero (dark gray area), which means that the innovation failed in the market. Above the transition line (white region) almost the whole population is adopted to the innovation. Light gray region corresponds to a very high level of independence p.
We should note that it is not easy to measure the independence level, as defined in this paper, in a society. However, one expects that this level should depend on the society, similarly as the level of conformity or cultural index values [26, 48, 38] . Among five of the cultural index values, individualism (IDV) is probably the most important for this paper. For instance, Milgram [37] found that individuals in Norway ('collectivistic culture') exhibited a higher degree of conformity than individuals in France (a more 'individualistic culture'). Similar results were reported by other researchers -in the more collectivistic cultures the level of conformity was higher [2, 4, 26] .
The level of independence depends not only on the society. It was suggested by Milgram [37] that individuals conform less when the task is linked to an important issue. This suggests a higher level of independence in situations, which we perceive to be more important. Hence, the level of independence p should also depend on the type of innovation -the more important the issue the higher the independence. From Figure 11 we can conclude that in the case of an important issue (light gray region), neither global advertising nor word-of-mouth (conformity) is important.
Scaling
The model considered in this paper has three parameters: independence p, flexibility f and advertising level h. However, it can be shown that the evolution of the system depends only on two independent parameters. It turns out that flexibility f scales with independence p, similarly as in [53] . We can generalize the reasoning conducted in [53] to include the case of an external field (i.e., advertising). Note that at each iteration a group of spinsons is chosen to convince one of their neighbors and: Rule I: with probability (1 − p) the Sznajd rule with advertising, originally introduced in [56] , is applied; Rule II: with probability pf a site is flipped (S i → −S i ), which corresponds to the notion of independence introduced in [53] ; Rule III: with probability p(1 − f ) nothing happens.
Because rule III does not change the state of the system, parameters p and f are not important as far as rule III is concerned. The state of the system changes only if either rule I or rule II is followed. Therefore the evolution of the system should depend only on the ratio of probabilities of following rules I and II:
We expect that if two models have parameters (p, f ) and (p ′ , f ′ ) such that r = r ′ , then they both should generate statistically similar sequences, given the same initial conditions. Therefore, we can calculate the dependence between p and p ′ from
If we want to compare the behavior of a given quantity (e.g., concentration c) in models (p, f ) and (p ′ , f ′ ) we can choose f ′ = 1 as a reference value and solve the above equation for p ′ :
Indeed plotting concentration c as a function of p for various values of f we see that the curves collapse if they are rescaled according to formula (7), see Fig. 12 for mean field results and Fig. 13 for Monte Carlo results.
Conclusions
In the abstract we have asked two important questions: Why does the diffusion of innovation take sometimes so long? and Why does it fail so often? To answer these questions we have studied a modified version of a model originally used to investigate advertising in duopoly markets. The main novelty of the model investigated here, compared to the one used in [56] , is the introduction of independence that brings 'noise' to the system. As a result of this, the system never reaches an absorbing unanimous steady state, which was the case in [56] . Moreover, what is even more important, independence allows to investigate the system in which initially there are no adopters, i.e., all spinsons are down. Without independence (or with flexibility f = 0) such a state of the system never changes, which makes the model useless in the context of the diffusion of innovation. It was shown that, although the model is described by three parameters, only two of them are independent -flexibility f > 0 scales with the level of independence p. One could wonder what is the rationale behind independence introduced as a probability. However, social experiments show that people are inconsistent in their behavior and simple situational factors are more powerful than individual traits in shaping human behavior, see e.g. [3] for a review. This fact is reflected in our model by the probability of independence -in each time step an agent can be independent or susceptible with probability p and its behavior changes in time. In general, independence could be heterogeneous, i.e. different for each spinson, and express the fact that agents are not identical and have individual, potentially different levels of autonomy. However, to our best knowledge the distribution of independence in real societies has not been measured and therefore in this paper we assume that p is equal for all spinsons. On the other hand, a homogenous p can be treated as a certain average value in the society [26] .
The model was investigated on a square lattice using Monte Carlo simulations and on a complete graph, which allows for analytical treatment. In both approaches it was shown that there is a threshold value of independence p = p * = p * (h) and advertising h = h * = h * (p). Below these values the innovation fails and above them it spreads in the market (society). Moreover, the time needed for the innovation to spread increases near the threshold point. By no means do we claim that exactly the same scenario functions in reality. However, our results shed new light on the problem of innovation failures.
Firstly, independence can be probably treated as a characteristic both of the society and of the product. On one hand, conformity/independence depends on the culture. On the other, it was suggested in the social science literature that individuals conformed less when the task was linked to an important issue [37] . Therefore, in each society each innovation is related to a certain value of independence p, which potentially can be measured empirically, similarly as the level of individualism (IDV) [26] . Secondly, the threshold value of advertising depends on the level of independence p, which means that the level of advertising should be adjusted to match the characteristics of the society and of the product. However, the most interesting result of our study from an applicative point of view is the existence of the threshold itself. Its existance suggests that increasing funding (or time) for advertising is not beneficial as long as it is below the threshold level h * (p). Only above h * (p) the innovation will spread in the market. On the other hand, increasing funds for advertising, when the threshold level has been exceeded, will not yield significant benefits.
For a model to be trusted it has to reproduce empirical facts. One of the bestestablished stylized facts in the field of diffusion of innovation is the S-shaped curve representing the time change of the number of consumers having adopted to a new product. Our model perfectly reproduces this feature. Moreover, the performed Monte Carlo simulations show that even for exactly the same parameters (p, f, h) different scenarios are possible, particularly near the threshold. Neither the time needed for the 'take-off' nor the success of the diffusion itself cannot be easily predicted. This is in contrast to classical analytical models but in line with the observed complexity of the real world. For instance, it is known that in reality many innovations fail on the way from the laboratory to the market, which is often described by the 'valley of death' metaphor [58] , or collapse of initially successful diffusions. This phenomenon is observed in our model near the threshold values of p and h.
Naturally, we realize that our model has its limitations:
• The square lattice is not very realistic for social systems. However, the model can be easily generalized to arbitrary graphs, what has been recently done in [54] for Watts-Strogatz networks. We have started by analyzing the model on a square lattice and a complete graph for two reasons. First, the role of network topology in innovation diffusion models is still unclear, most likely due to the crucial role of social influence in such problems [43, 57] . Second, the complete graph allows for analytical treatment, while the square lattice correlates social interactions with physical distance, which is important in this context since social influence has been found to decay dramatically with physical distance [6, 35] .
• Binary variables (spinsons) are certainly a simplification that does not take into account the complexity of human decision making. However, Watts and Dodds [57] argue that binary decisions can be applied to a surprisingly wide range of real world situations and are particularly useful for modeling innovation diffusion processes in which 'adopted' and 'not adopted' are natural states [18, 43] .
• Equally sized influence groups are another model limitation. However, as noticed by Galam [12] , people usually discuss in small groups even if they have many friends. To randomly draw the size of the group from a certain distribution, as done by Galam, could be the next step but we leave it for future work.
Taking all this into account we truly believe that the presented model can be used as a starting point for future, more focused research in the field of diffusion of innovation. In particular, it might prove useful for studying the diffusion of energy efficient or pro-ecological solutions in the society [58] . For instance, KowalskaPyzalska et al. [31] have used the model to show how personal attributes impact opinions of individual electricity consumers regarding switching from classical flat pricing schemes to innovative dynamic tariff programs. The main outcome of the paper is that currently the adoption of dynamic tariffs is virtually impossible due to the high level of indifference in today's societies. The fact that the used in this paper Monte Carlo simulation and visualization app The World According to Spinson (WAS) is freely available for download from the IDEAS/RePEc repository (http://ideas.repec.org/s/wuu/hscode.html) makes the model even more attractive. 
